Our purpose is to extend to the tangential Cauchy-Riemann operator the L p theory, for p ≥ 1, developed for the Cauchy-Riemann operator in [6] . We will replace complex manifolds by s-concave locally embeddable generic CR manifolds and the Cauchy-Riemann complex by the tangential Cauchy-Riemann complex. We have to restrict ourself to locally embeddable CR manifolds since, up to now, very few is known in abstract CR manifolds outside the case of compact CR manifolds, where some results were obtained by C.D. Hill and M. Nacinovich Compare to the complex case some new difficulties arise in the CR setting since the Poincaré lemma for the tangential Cauchy-Riemann operator fails to hold in all degrees. In particular the Dolbeault isomorphism does not hold in all degrees and its classical proof works no more for large degrees.
Théorème 0.1. Let M be a C ∞ -smooth, generic, s-concave, s ≥ 1, CR submanifold of real codimension k of a complex manifold X of complex dimension n and p ≥ 1 a real number. If 0 ≤ r ≤ n, the natural maps Then we extend the Serre duality introduced in [7] to the L p loc tangential CauchyRiemann complexes, p > 1, and get some density results and a theorem on the solvability in L p spaces of the tangential Cauchy-Riemann equation with compact support in bidegree (0, 1).
The last section is devoted to the L p theory. First using local L p results proved in [12] , we develop an L p Andreotti-Grauert theory for large degrees. Then using once again Serre duality, we solve the weak Cauchy problem in L p for the tangential Cauchy-Riemann operator.
I would like to thank E. Russ who pointed me out the reference [5] to study the compacity of operators between L p spaces. For u ∈ Γ ∞ (M, H 1,0 M), we define the tangential Cauchy-Riemann operator by setting
if L ∈ Γ(M, H 0,1 M) and W ∈ Γ ∞ (M, T C M) satisfies π(W ) = u. By the integrability of the CR structure, this does not depend on the choice of W with π(W ) = u. Let us consider the vector bundle Λ p,q M = Λ p ( T M) * ⊗ Λ 0,q M of (p, q)-forms on M and set E p,q (M) = Γ ∞ (M, Λ p,q M). We can define the tangential Cauchy-Riemann operator on E p,q (M) by setting for u ∈ E p,0 (M)
is defined as above, and
So we get a differential complex (E p,• (M), ∂ b ) called the tangential Cauchy-Riemann complex for smooth forms. We denote by H p,q ∞ (M) the associated cohomology groups.
Let D p,q (M) be the space of compactly supported elements of E p,q (M). We put on E p,q (M) the topology of uniform convergence on compact sets of the sections and all their derivatives. Endowed with this topology E p,q (M) is a Fréchet-Schwartz space. Let K be a compact subset of M and D The space of currents on M of bidimension (p, q) or bidegree (n − p, n − k − q) is the dual of the space D p,q (M) and is denoted either by D ′ p,q (M), if we use the graduation given by the bidimension, or by D ′n−p,n−k−q (M), if we use the graduation given by the bidegree. An element of D ′n−p,n−k−q (M) can be identified with a distribution section of Λ n−p,n−k−q M. We define the tangential Cauchy-Riemann operator on D ′n−p,n−k−q (M) as the transpose map of the ∂ b operator from D p,q−1 (M) into D p,q (M), we still denote it by ∂ b since its restriction to E n−p,n−k−q (M) coincides with the ∂ b operator on smooth forms and we get a new complex (D ′n−p,• (M), ∂ b ), the tangential Cauchy-Riemann complex for currents, which is the dual complex of the complex (D p,• (M), ∂ b ) (see section 2 in [7] ). The cohomology groups are denoted by H n−p,n−k−q cur
is the space of currents on M of bidimension (p, q) or bidegree (n − p, n − k − q) with compact support. Restricting the ∂ b operator from D ′n−p,n−k−q (M) to E ′n−p,n−k−q (M), we get a fourth complex (E ′n−p,• (M), ∂ b ), whose cohomology groups are denoted by H n−p,n−k−q c,cur (M). This complex is the dual complex of the complex (E p,• (M), ∂ b ) (see section 2 in [7] ).
Therefore we can associate to each ω ∈ H 0 p M an hermitian form
on (H 1,0 ) p M. This is called the Levi form of M at ω ∈ H 0 p M. In the study of the ∂ b -complex two important geometric conditions were introduced for CR manifolds of real dimension 2n − k and CR-dimension n − k. The first one by Kohn in the hypersurface case, k = 1, the condition Y(q), the second one by Henkin in codimension k, k ≥ 1, the q-concavity.
A CR manifold M satisfies Kohn's condition Y (q) at a point p ∈ M for some 0 ≤ q ≤ n − 1, if the Levi form of M at p has at least max(n − q, q + 1) eigenvalues of the same sign or at least min(n − q, q + 1) eigenvalues of opposite signs.
A CR manifold M is said to be q-concave at p ∈ M for some 0 ≤ q ≤ n − k, if the Levi form L ω at ω ∈ H 0 p M has at least q negative eigenvalues on H p M for every nonzero ω ∈ H 0 p M. In [16] the condition Y(q) is extended to arbitrary codimension. Définition 1.3. An abstract CR manifold is said to satisfy condition Y(q) for some
p M has at least n − k − q + 1 positive eigenvalues or at least q + 1 negative eigenvalues on H p M for every nonzero ω ∈ H 0 p M.
Note that in the hypersurface type case, i.e. k = 1, this condition is equivalent to the classical condition Y(q) of Kohn for hypersurfaces and in particular if the CR structure is strictly peudoconvex, i.e. the Levi form is positive definite or negative definite, condition Y(q) holds for all 1 ≤ q < n − 1. Moreover, if M is q-concave at p ∈ M, then q ≤ (n − k)/2 and condition Y(r) is satisfied at p ∈ M for any 0 ≤ r ≤ q − 1 and n − k − q + 1 ≤ r ≤ n − k. Définition 1.4. Let (M, H 0,1 M) be an abstract CR manifold, X be a complex manifold and F : M → X be an embedding of class C ∞ , then F is called a CR embedding if dF (H 0,1 M) is a subbundle of the bundle T 0,1 X of the holomorphic vector fields on X and
Let F be a CR embedding of an abstract CR manifold into a complex manifold X and set M = F (M), then M is a CR manifold with the CR structure
and F is a CR embedding if and only if, for all 1
Most of the known results on CR manifolds concern CR manifolds which are locally embeddable at each point in C n and s-concave, s ≥ 1. Moreover by a theorem of C.D. Hill and M. Nacinovich ([4] , Proposition 3.1), each s-concave, s ≥ 1, CR manifold, which is locally embeddable at each point, can be generically embedded in a complex manifold. Consequently in most of the cases assuming that the abstract CR manifold M is in fact a generic CR submanifold M of a complex manifold X is not a restriction. Let us consider the dual space of (L p loc ) r,q (M), when 1 < p < ∞. Since the injection of E r,q (M) into (L p loc ) r,q (M) has a dense image, the dual space of (L p loc ) r,q (M) is included in E ′n−r,n−k−q (M) the space of (n − r, n − k − q)-currents with compact support on M, moreover by the Hölder inequality it coincides with the space (L 
Dolbeault isomorphism
Let M be a C ∞ -smooth abstract CR manifold of real dimension 2n − k, k > 0, and CR-dimension n − k.
As in the complex case some relations between the smooth ∂ b -cohomology groups of M, the ∂ b -cohomology groups in the sense of currents of M and the L p loc ∂ b -cohomology groups of M will result from a CR analog of the Dolbeault isomorphism. Let Ω r M be the sheaf of CR (r, 0)-forms, 0 ≤ r ≤ n on M. If we can prove that the complexes (E r,
, ∂ b are resolutions of the sheaf Ω r M, these groups will be isomorphic to the sheaf cohomology groups H • (M, Ω r M). This will be true if M is CR-hypoelliptic, which means that all CR (r, 0)-forms on an open subset of M are C ∞ -smooth and if the Poincaré lemma for the ∂ b operator holds in the C ∞ -smooth category, the current category and the L p loc category in degree q, 1 ≤ q ≤ t(M), for some integer t(M) depending on the geometry of M. In that case for 1 ≤ q ≤ t(M), one gets
Unfortunately results on CR-hypoellipticity or on the validity of the Poincaré lemma for the ∂ b operator are only proven under the hypothesis that M is locally embeddable and satisfies some concavity conditions. Therefore it comes from the remark at the end of section 1 that it is not a real restriction to assume that M is generically embedded in a complex manifold.
From now on we assume that M = M is a C ∞ -smooth, generic CR submanifold of real codimension k in a complex manifold X of complex dimension n.
In that case the ∂ b operator is CR-hypoelliptic as soon as M is 1-concave (cf.
[1], Corollaire 0.2) and the Poincaré lemma holds for the ∂ b operator in the smooth and in the current categories in bidegree (r, q), 0 ≤ r ≤ n and 1 ≤ q ≤ s−1 or n−k−s+1 ≤ q ≤ n−k, if M is s-concave, s ≥ 2 (cf. [3] , [13] , [14] , [1] ).
Moreover in this setting, the Poincaré lemma holds also in the L p loc category, Lemme 2.1. Let M be a C ∞ -smooth, generic, s-concave, s ≥ 1, CR submanifold of real codimension k of a complex manifold X of complex dimension n and p ≥ 1 a real number. For each x ∈ M , there exists an open neighborhood U of x and an open neighborhood V ⊂⊂ U of x such that for any
Proof. Let U be an open neighborhood of x such that the Bochner-Martinelli type formula from [1] holds. We get from Theorem 0.1 in [1] that there exists some continuous operators R r, q M from D r, q (U ) into E r, q−1 (U ), 0 ≤ r ≤ n and 1 ≤ q ≤ s or n − k − s + 1 ≤ q ≤ n − k, such that, for any C ∞ -smooth (r, q)-form u with compact support in U , 0 ≤ r ≤ n and
The operators R 
Let f ∈ (L p loc ) r,q (U ) a ∂ b -closed form on U and χ a C ∞ -smooth, positive function on M with compact support in U and constant equal to 1 on some neighborhood V ⊂⊂ U of X, then
Since the singularities of the kernels R 
Théorème 2.2. Let M be a C ∞ -smooth, generic, s-concave, s ≥ 1, CR submanifold of real codimension k of a complex manifold X of complex dimension n and p ≥ 1 a real number.
If 0 ≤ r ≤ n and 0 ≤ q ≤ s − 1, the natural maps
are isomorphisms, still called Dolbeault isomorphisms.
More precisely for all 0 ≤ r ≤ n we have:
Proof. For 0 ≤ q ≤ s − 1, the proof works as in the complex case, see Propositions 1.1, 1.2 and 1.4 in [6] .
Let us consider the case q = s. Following the proof of Theorem 5.1 in [7] , it is sufficient to prove that for each
M from D r, q (U ) into E r, q−1 (U ), such that, for any C ∞ -smooth (r, q)-form u with compact support in U ,, 0 ≤ r ≤ n and
Let us denote by R r,q
M from E ′r,q (U ) into D ′r,q−1 (U ) the transpose of R n−r,n−k−q+1 M , 0 ≤ r ≤ n and 1 ≤ q ≤ s, then by duality, since the ∂ b operator for currents is the transpose of the ∂ b operator for C ∞ -smooth forms, we have for any (r, q)-current T with compact support in U , 0 ≤ r ≤ n and 0 ≤ q ≤ s − 1 
) r,q−1 (U ) and the singularity of their kernel is contained in the diagonal of U × U , the restiction to V of the current R
Corollaire 2.3. Let M be a C ∞ -smooth, connected, non compact, generic, s-concave, s ≥ 1, CR submanifold of real codimension k of a complex manifold X of complex dimension n and p ≥ 1 a real number. If 0 ≤ r ≤ n and 0 ≤ q ≤ s − 1, the natural maps Unfortunately the Poincaré lemma for the ∂ b operator fails to hold in any category in bidegree (r, q) for 0 ≤ r ≤ n and s ≤ q ≤ n−k−s, when M is s-concave, hence the classical cohomological methods can no more be applied to get the Dolbeault isomorphisms when q ≥ n − k − s + 1, even if the Poincaré lemma holds for such q. The method developed in [10] cannot either be used to get the Dolbeault isomorphisms with the L p loc cohomology groups in high degrees since the notion of trace is not well defined in L p . We will use the regularization method introduced by S. Sambou in [15] , which depends on the fundamental solution for the ∂ b operator constructed in [1] . 
Proof. In [15] , S. Sambou proved that for any 0 ≤ r ≤ n and 1 ≤ q ≤ s−1 or n−k−s+1 ≤ q ≤ n − k there exists linear operators
such that A r,q has the same regularity properties than the operators R 
The proof of the injectivity of Φ p q uses the same arguments since the operators A r,q is continuous from E r,q (M ) into E r,q−1 (M ).
Note that the proof of Theorem 2.4 gives also an alternative proof for the Dolbeault isomorphism in small degrees.
As in the complex case, it follows from Theorem 2.4 that the assertion (ii) from Theorem 2.2 holds also for n − k − s + 2 ≤ q ≤ n − k.
Corollaire 2.5. Let M be a C ∞ -smooth, generic, s-concave, s ≥ 1, CR submanifold of real codimension k of a complex manifold X of complex dimension n and p ≥ 1 a real number. Let (r, q) such that 0 ≤ r ≤ n and 1 ≤ q ≤ s or n − k − s + 2 ≤ q ≤ n − k, and f ∈ (L p c ) r,q (M ) with f = ∂ b S for some current S ∈ D ′r,q−1 (M ), then, for any neighborhood U of the support of S, there exists g ∈ (L p c ) r,q−1 (M ) with ∂ b g = f and supp g ⊂ U .
Moreover the Dolbeault isomorphism holds also in large degrees for the cohomology groups with compact support. Corollaire 2.6. Let M be a C ∞ -smooth, generic, s-concave, s ≥ 1, CR submanifold of real codimension k of a complex manifold X of complex dimension n and p > 1 a real number. If 0 ≤ r ≤ n and n − k − s + 2 ≤ q ≤ n − k, the natural maps 
To end this section we will precise the support of the solution of the tangential CauchyRiemann equation ∂ b g = f , when f is a (r, 1)-form, 0 ≤ r ≤ n, with compact support in M and L p coefficients. Proof. Since M is 1-concave, it follows from Corollary 2.3 that for any 0 ≤ r ≤ n, H 
Serre duality
In this section M will always be a C ∞ -smooth, generic CR submanifold of real codimension k in a n-dimensional complex manifold X.
As we already mentioned in the previous section, if p and p ′ satisfy Fix some integer r, 0 ≤ r ≤ n. We can apply Theorem 1.5 in [7] to the complexes
are isomorphisms. Moreover, from Theorem 3.2 in [7] , we get that H 
We deduce easily that, if there exists an integer 
Associated with the Corollaries 2.3 and 2.6, this gives Proposition 2.8. Let M be a C ∞ -smooth, generic, s-concave, s ≥ 1, CR submanifold of real codimension k in a n-dimensional complex manifold X and p > 1 a real number.
Assume that H r,q
We will use the following notations:
In the L p setting the Serre duality can be expressed in the following way:
Théorème 2.9. Let M be a C ∞ -smooth, generic CR submanifold of real codimension k in a n-dimensional complex manifold X. Let r, q ∈ N with 0 ≤ r ≤ n and 0 ≤ q ≤ n − k, then for p, p ′ ∈ R with 1 p + 1 p ′ = 1 the following assertions are equivalent:
If these assertions hold, then
Proof. Since for each 0 ≤ r ≤ n the complexes (L As in [9] , we will use Serre duality to get some density theorems for the spaces of L p forms.
Théorème 2.10. Let M be a C ∞ -smooth, connected, non compact, generic, 1-concave CR submanifold of real codimension k in a n-dimensional complex manifold X and p > 1 a real number. For any integer r, 0 ≤ r ≤ n, the space Z Proof. By the Hahn-Banach theorem, it is sufficient to prove that for any g ∈ (L
Malgrange's theorem [8] claims that, under the assumptions of the theorem, H
Adding the assumption that some cohomology group is Hausdorff to replace Malgrange's theorem the previous theorem can be extended to s-concave CR manifold, s ≥ 1.
Théorème 2.11. Let M be a C ∞ -smooth, generic, s-concave, 1 ≤ s ≤ n − k, CR submanifold of real codimension k in an n-dimensional complex manifold X and p > 1 a real number. For any integers r, q, 0 ≤ r ≤ n and 1 ≤ q ≤ s, assume that H 3) The cohomology groups H r,n−k−q+1 ∞ (M ) are also finite dimensional hence Hausdorff for 1 ≤ q ≤ s, as soon as M is s-concave and admits an exhausting function with good pseudoconvexity properties (see for example Theorem 6.1 in [4] ). This holds in particular when M of real dimension 2n−k is generically embedded in an n-dimensional pseudoconvex complex manifold X.
Let us end by a separation theorem for the L p cohomology with compact support in bidegree (r, 1), 0 ≤ r ≤ n. Théorème 2.12. Let M be a C ∞ -smooth, connected, non compact, generic, 1-concave CR submanifold of real codimension k in a n-dimensional complex manifold X and p > 1 a real number. For any integer r, 0 ≤ r ≤ n, the cohomology groups H Note that, if the orthogonality condition is only satisfied for the forms ϕ ∈ Z n−r,n−k−1 ∞ (M ) we have to assume as in Proposition 2.7 that M \ D is connected to get that the support of g is contained in D.
Therefore, for 0 ≤ r ≤ n and n − k − s + 1 ≤ q ≤ n − k, the cohomology groups H r,q
Proof. First consider the case when f is C ∞ -smooth up to the boundary. Using an open covering (U j ) j∈J of D and a partition (χ j ) j∈J of unity associated to this covering, we can derive a global homotopy formula from the local one in Theorem 2.3.1 in [12] . There exist integral operators T r q−1 and K r q such that 
